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ABSTRACT
We have classified possible transonic solutions of galactic outflows in the grav-
itational potential of the dark matter halo (DMH) and super massive black hole
(SMBH) under the assumptions of isothermal, spherically symmetric and steady state.
It is clarified that the gravity of SMBH adds a new branch of transonic solutions
with the transonic point in very close proximity to the centre in addition to the
outer transonic point generated by the gravity of DMH. Because these two transonic
solutions have substantially different mass fluxes and starting points, these solutions
may have different influences on the evolution of galaxies and the release of metals into
intergalactic space. We have applied our model to the Sombrero galaxy and obtained
a new type of galactic outflow: a slowly accelerated transonic outflow through the
transonic point at very distant region (≃ 126 kpc). In this galaxy, previous works
reported that although the trace of the galactic outflow is observed by X-ray, the
gas density distribution is consistent with the hydrostatic state. We have clarified
that the slowly accelerating outflow has a gas density profile quite similar to that
of the hydrostatic solution in the widely spread subsonic region. Thus, the slowly
accelerating transonic solution cannot be distinguished from the hydrostatic solution
in the observed region (6 25 kpc) even if slow transonic flow exists. Our model provides
a new perspective of galactic outflows and is applicable even to quiescent galaxies with
inactive star formation.
Key words: galaxies – galactic wind, individual: NGC 4594.
1 INTRODUCTION
Recent observational cosmology reveals that the primary
component of galactic mass is cold dark matter (CDM),
which plays essential roles in the evolution of galaxies and
the large-scale structure of the universe. So far, studies of
galaxy formations based on the CDM scenario indicate that
galactic outflows play significant roles in the evolution of
galaxies and metal enrichment of intergalactic space.
It is well known that the ratio of gas mass to stellar
mass in elliptical galaxies is smaller than that in spiral galax-
ies (Osterbrock 1960). This deficiency of gas in elliptical
galaxies indicates that galactic outflows efficiently remove
interstellar gas from these galaxies (Johnson & Axford 1971;
Mathews & Baker 1971). In addition, the low-density inter-
galactic medium at high-z contains a small amount of metals
(Songaila 1997; Aguirre et al. 2001; Ellison et al. 2000).
The existence of metals in intergalactic space suggests that
galactic outflows transport metals to this space, because
the metals should come from stars inside galaxies. These
observed results strongly indicate the importance of galactic
outflows in the evolution of galaxies. To realize galactic
outflows, a sufficient thermal energy supply is required to
escape from the gravitational potential well of the galaxy
(Larson 1974; Dekel & Silk 1986; Mori et al. 1997; Mori,
Yoshii & Nomoto 1999; Mori, Ferrara &Madau 2002; Binney
2004; Cattaneo et al. 2006; Oppenheimer & Dave´ 2006;
Puchwein & Springel 2012). Thus far, studies have mainly
assumed supernovae and stellar winds as the thermal energy
sources. Active galactic nuclei (AGN) and cosmic rays have
also been presented as sources of thermal energy for driving
galactic outflows (Silk & Rees 1998; Sharma & Nath 2012,
2013). Thus, from the theoretical perspective, there are
many possible sources of thermal energy to drive galactic
outflows.
In the local universe, a significant number of star-
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forming galaxies form starburst-driven outflows (Strickland
2002; Heckman 2003). Furthermore, high-redshift galaxies
show that the outflow velocity is proportional to the star
formation rate and the stellar mass of galaxies (Kennicutt
1998; Strickland et al. 2004; Pettini et al. 2001; Shapley et
al. 2003; Weiner et al. 2009).
In contrast, we intend to focus on transonic solutions
as galactic outflows without starbursts in this paper. In
our model, transonic galactic outflows are driven by energy
stored in interstellar gas itself. Parker (1958) first examined
spherically symmetric solar wind and clarified that this
solar wind can become supersonic because they begin at
the subsonic region and include the transonic point. This
result shows that the energy supply and the gravity are
essential for forming the transonic solution. This transonic
solar wind has been actually observed in the outflow from
the sun, as evidenced by the success of Mariner II in
(Neugebauer & Snyder 1962), and it is well known as the
entropy-maximum solution connecting the starting point
(sun) to infinity (Lamers & Cassinelli 1999).
Several studies have examined transonic galactic out-
flows in terms of solar wind. Burke (1968) and Johnson &
Axford (1971) applied the solar wind model to galactic-scale
transonic outflows with the stellar halo mass distribu-
tion. Wang (1995) studied the nature of galactic outflows
with DMH mass distribution including radiative cooling.
However, owing to an unrealistic assumption of a single
power-law DMH mass distribution (∝ r−2), they could not
realize transonic solutions. Thus, determination of transonic
solutions remains elusive.
Sharma & Nath (2013) studied steady and spherically
symmetric transonic galactic outflows in star-formation
galaxies in the gravitational potential of a CDM halo not
including stellar mass. They assumed that the thermal
energy was from supernovae and AGN radiation. As a
result, they concluded that AGN is important for driving
high-velocity outflows and that galactic outflows control
the observed correlation between DMH mass and stellar
halo mass. However, they assumed fixed transonic points
for transonic outflows, although the transonic points should
be determined naturally by the ratio of the thermal energy
supply to the gravitational potential.
Tsuchiya et al. (2013) discussed the influence of gravity
from DMH mass distribution on the nature of the transonic
solutions. They assumed DMHmass for the gravitational po-
tential because the dark matter is the dominant component
of the gravity source in galaxies. However, the functional
form of DMH mass distribution has not reached a consensus,
and many simulations have suggested different mass profiles.
For example, on the basis of the CDM scenario, Navarro
et al. (1996) concluded by using the Navarro-Frenk-White
(NFW) model that the structure of the DMH distribution is
expressed by a double power law, ρDMH ∝ r
−1(r + rd)
−2,
where r is radius from the centre of the galaxy and rd
is the scale length of the DMH. Other simulations with
higher resolution also supported the double power-law mass
distribution in the CDM scenario, although the power-law
index was somewhat different. For example, Fukushige &
Makino (1997) and Moore et al. (1999) suggested ρDMH ∝
r−1.5(r1.5+r1.5d )
−1. These numerical models commonly have
a “cusp” of mass distribution at the centre. In contrast,
observations of nearby dwarf galaxies have suggested that
their DMH distributions have a flat “core” at the centre.
Burkert (1995) proposed an empirical profile with the core
structure as ρDMH ∝ (r + rd)
−1(r2 + r2d)
−1. This unsolved
problem is the so-called core-cusp problem (Moore et al.
1999).
Tsuchiya et al. (2013) adopted a functional form of
the mass distribution as ρDMH ∝ r
−α(r + rd)
−3+α with
a concentration parameter α to denote the variety of
the distribution at the centre. This profile approximately
reproduces the Burkert profile with α = 0, the NFW profile
with α = 1 and the Moore profile with α = 1.5, as discussed
in Section 2.1. By using this distribution model of DMH,
Tsuchiya et al. (2013) first reported transonic solutions
with the gravitational potential of DMH. In addition, they
showed the possibility of a new type of transonic solution
in which the transonic point forms in a very distant region
(∼ 100 kpc).
However, it is widely accepted that most galaxies have
a central super massive black hole (SMBH) (Marconi &
Hunt 2003). The gravitational potential of SMBH must in-
fluence the nature of galactic outflows at the central region.
Therefore, in this paper, we add the gravity of the central
SMBH contribution to the Tsuchiya model and analyse the
transonic solutions, whereas the original Tsuchiya model
includes only the gravity of DMH. To construct our model,
we assume an isothermal, spherically symmetric and steady
state without the injection of mass along the outflow lines, as
reported by Tsuchiya et al. (2013), with the aim of clarifying
transonic solutions under realistic mass distribution models
including both DMH and SMBH.
In addition, we apply our model to the Sombrero
galaxy (NGC4594) to determine the acceleration process of
the galactic outflows in an actual galaxy. Li et al. (2011)
reported a contradiction in that although the trace of the
galactic outflow is observed by X-ray, the gas density distri-
bution in this galaxy is well reproduced as the hydrostatic
state. They argued a possibility that the hot gas forms a
subsonic outflow, the thermal structure of which resembles,
and is difficult to distinguish from a quasi-hydrostatic state.
We attempt to resolve this discrepancy with our model.
The structure of this paper is as follows. In Section 2,
we summarize the results of Tsuchiya et al. (2013) in Section
2.2 and the influence of the central black hole in Section 2.3.
In Section 3, we discuss the application to the Sombrero
galaxy. In Section 4, we discuss several topics, and we give
the conclusion in Section 5.
2 ANALYTICAL MODEL FOR TRANSONIC
OUTFLOW
In this section, we first summarize results of Tsuchiya et
al. (2013), then we show our model. Here, we assume an
isothermal, steady, spherically symmetric outflow model,
and we ignore mass injection along the flow except the
starting point.
2.1 The model for this study
The basic equations are those for the conservation of mass
and momentum:
4piρvr2 = M˙, (1)
v
∂v
∂r
= −
c2s
ρ
∂ρ
∂r
−
∂Φ
∂r
, (2)
where ρ, v, r, M˙ , cs and Φ are gas density, gas velocity,
radius from the centre, mass flux, sound speed and grav-
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Figure 1. Various solutions of the model with dark matter halo (DMH) distributions (Tsuchiya et al. 2013). The horizontal axis shows
the power-law index of DMH, and the vertical axis is KDMH defined in Eq. (7). The inset panels (A), (B), (C) and (D) represent transonic
solutions (thick bold lines) and other solutions (thin lines). The panel (A) in the blue region has only one X-point, (B) in the orange
region has a single X-point with a single O-point, (D) in the white region has no critical point. The panel (C) on the magenta line is the
border solution.
itational potential, respectively. M˙ is a constant because
we ignore the mass injection along the flow except at the
starting point. cs is also a constant because of the isothermal
approximation. Substituting ρ from Eqs. (1) and (2), we
obtain
dM2
dx
=
N(x)
1− 1
M2
, (3)
N(x) =
4
x
−
2
c2s
dΦ
dx
, (4)
where M is the Mach number, which is equal to v/cs; x is
the non-dimensional radius defined as x = r/rd; and rd is
the scale length of DMH mass distribution.
Tsuchiya et al. (2013) adopted a model of the mass
density profile of DMH as
ρDMH(r;α, rd, ρd) =
ρdr
3
d
rα(r + rd)3−α
, (5)
where ρd represents the scale density. They assumed a simple
gravitational potential model that includes the contribution
only from DMH, as defined as Eq. (5). In the limit of
x → 0, ρDMH ∝ r
−α (0< α <3) and ρDMH ∝ x
−3 for x →
∞. This model well and approximately reproduces various
models predicted from both theoretical and observational
perspectives. For example, this model corresponds exactly
to the NFW model (Navarro et al. 1996) with α = 1
and approximately to the Moore model (Moore et al. 1999;
Fukushige & Makino 1997) with α = 1.5 and the Burkert
model (Burkert 1995) with α = 0. The plausible value of
the index α remains an open question. Thus, we treat the
concentration parameter α as a flexible parameter in this
study.
We add the gravitational potential of central SMBH
to the potential model in Tsuchiya et al. (2013). Eq. (4)
becomes
N(x) =
4
x
−
4KDMH
x2
∫ x
0
x2−α(x+ 1)α−3dx+
4KBH
x2
, (6)
where
KDMH =
2piGρdr
2
d
c2s
, (7)
KBH =
GMBH
2rdc2s
, (8)
G andMBH are the Newton constant and the mass of SMBH,
respectively. Integrating Eq. (3), we obtain
M
2
− logM2 = 4 log x− 4Φ′(x;α,KDMH,KBH) +C, (9)
and
Φ′(x;α,KDMH,KBH)
=
1
2c2s
Φ
= KDMH
∫
1
x2
(∫ x
0
x2−α(x+ 1)α−3dx
)
dx−
KBH
x
,
(10)
where C is the integration constant.
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Figure 2. Various solutions of the model with dark matter halo (DMH) (α = 1) and the central black hole. The horizontal axis is KDMH
defined in Eq. (7) and roughly corresponds to the ratio of the gravitational potential of DMH and the thermal energy. The vertical axis is
KBH defined in Eq. (8) and corresponds to the ratio of the gravitational potential of SMBH and the thermal energy. The labels, such as
A-1, represent the types of transonic solutions presented in Table 1. The hatched region represents the range of actual galaxies (defined
in Eqs. (16) and (17) with (κ, ξ, µ, ν) = (9.7,−0.074, 0.11, 1.27); see Section 4.2.1.). The four thin solid lines represent the range of actual
galaxies from 1011 M⊙(bottom) to 1014 M⊙(top). The three thin solid lines intersecting the four solid lines represent η = 0.5, 1 and 2
from left. (Prada et al. 2012; Baes et al. 2003)
2.2 Transonic solutions in the gravitational
potential of DMH without SMBH
Tsuchiya et al. (2013) considered only the effect of the
gravity of DMH, which corresponds to KBH = 0 in Eq. (9).
They determined two types of transonic solutions having
single X-point (transonic point) with single O-point and that
with only one X-point (Figs. 2. and 4. of Tsuchiya et al.
2013). We summarize these solutions in Fig. 1 by virtue of
two parameters, KDMH and KBH. The horizontal axis shows
the power index α, and the vertical axis showsKDMH defined
in Eq. (7). KDMH corresponds approximately to the ratio of
the gravitational potential energy density (2piGρdr
2
d) to the
thermal energy density (c2s ).
When α < 2 with small KDMH, there is no transonic
solution (white region in Fig.1). When α > 2, there is a
transonic solution with a single X-point (blue region in Fig.
1). This transonic solution begins at the centre and extends
to infinity. When α < 2 with large KDMH, there is also a
transonic solution with an X-point and an O-point (orange
region in Fig. 1). This transonic solution also extends
to infinity but does not begin at the centre. When the
concentration parameter of DMH α increases, the position
of the X-point moves outward and that of the O-point
moves inward. When c2s corresponding approximately to the
thermal energy decreases or 2piGρdr
2
d corresponding approx-
imately to the gravitational potential energy increases, the
position of the X-point moves to the outward region and
that of the O-point moves inward.
2.3 The effect of SMBH to transonic solutions
In this section, we estimate the effect of the gravitational
potential of SMBH to the transonic solutions. The mass
density distribution of DMH is widely spread, and the
gravitational potential of DMH is dominant in a huge scale
of a galaxy. On the contrary, the gravitational potential of
SMBH is dominant in the vicinity of the centre. Because
of these properties of gravitational potentials, the mass
c© 201x RAS, MNRAS 000, 1–13
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A 1
Single X-point generated by the central super massive
black hole (SMBH).
2
Single X-point generated by the dark matter halo
(DMH).
3 Single X-point with no extreme points in N(x).
B 1 Two X-points with one O-point.
The transonic solution, through X-point generated by
the DMH, rounds O-point and breaks off.
2 Two X-points with one O-point.
The transonic solution, through X-point generated by
the SMBH, rounds O-point and breaks off.
C 1 Boundary solution between A-1 and B-1.
2 Boundary solution between A-2 and B-2.
3 Boundary solution between B-1 and B-2.
Table 1. Features of solutions with the gravitational potential of
dark matter halo (DMH) and central black hole.
of SMBH must be added to our galactic outflow model
to construct a realistic gravitational field model near the
centre.
We summarized the obtained transonic solutions for
KBH 6= 0 in phase diagrams. Fig. 2 shows the phase diagram
for α = 1; phase diagrams for other values of α are shown
in Fig. 3. Two types of transonic solutions are apparent,
including that with a single X-point and that with a pair of
two X-points with one O-point (Fig. 2). We define the former
type as A and the latter type as B. Type A has one transonic
solution such as the Parker solution (Parker 1958). On the
contrary, type B has two transonic solutions. The solutions
on the boundaries in Fig. 3 are defined as type C. The details
of the aforementioned solutions are summarized in Table 1.
If the locus of the extreme points of N(x) from the
centre is longer/shorter than that of the single X-point, the
X-point is formed mainly by the gravity of SMBH/DMH.
This transonic solution formed by SMBH/DMH is shown in
the region A-1/A-2 in Fig. 2. The region with no extreme
points is shown as region A-3 in the figure. These transonic
solutions begin at the centre and extend to infinity.
When there are two X-points with a single O-
point (type B), the inner/outer X-point is formed by
SMBH/DMH. The transonic solution through the in-
ner/outer X-point is referred to as type Xin/Xout in this
paper. Because KDMH corresponds to the gravitational
potential of DMH, the more KDMH increases, the more the
outer X-point moves outward. On the contrary, becauseKBH
corresponds to that of DMH, the more KBH increases, the
more the inner X-point moves outward. On the boundary
between B-1 and B-2, a special transonic solution connecting
two X-points appears (region C-3 in Fig. 2). In region
B-1, type Xin solution begins at the centre, but type Xout
solution does not. In region B-2, type Xout solution extends
to infinity, but type Xin solution does not.
As α increases, the influence of DMH becomes more
dominant in the central region. Thus, if α is large, the
gravitational potential of DMH is more dominant than that
of SMBH in the vicinity of the centre. We have determined
that when α increases, the area of region A-2 extends and
that of A-1 shrinks (Fig. 3). When α > 2, only type A-3
solution is present.
Figure 3. (a) Solution map of the model with dark matter halo
(DMH) (α = 0) and central black hole. (b) Solution map of the
model with dark matter halo (α = 1.5) and central black hole.
When α increases, the influence of DMH becomes larger at the
central region.
3 APPLICATION TO THE SOMBRERO
GALAXY
In this section, we apply our model to the Sombrero galaxy
(NGC4594) to determine the acceleration process of the
galactic outflow in an actual galaxy.
The Chandra X-ray Observatory detected a diagnostic
feature of the galactic outflow as diffuse hot gas in the
Sombrero galaxy (Li et al. 2011). In fact, the estimated
amount of the gas component in that galaxy (MHI =
3.18 × 108 M⊙, MH2 = 4.44 × 10
8 M⊙) is unnaturally
small compared with the predicted gas mass supplied from
stellar winds (0.258−0.415 M⊙yr
−1) and type Ia supernovae
(0.1 M⊙yr
−1) (Bajaja et al. 1984, 1991; Athey et al. 2002;
Knapp et al. 1992; Mannucci et al. 2005; Cappellaro et al.
1999; Li et al. 2007; Kennicutt 1998). The star-forming rate,
estimated as 0.06 M⊙yr
−1, is lower than that in other early
type spiral galaxies (Li et al. 2007; Hameed & Devereux
2005). Thus, in comparison with the gas mass supply from
which the star-forming rate is deducted, the mass of gas
in this galaxy is deficient. This deficiency implies that the
Sombrero galaxy experienced drastic extraction of gas owing
to galactic outflow.
On the contrary, the observed gas density distribution
is similar to hydrostatic distribution (Li et al. 2011). This
hydrostatic-like gas distribution may imply an absence of
c© 201x RAS, MNRAS 000, 1–13
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Table 2. Critical points in the Sombrero galaxy with the
gravitational potential of the dark matter halo (DMH) and super
massive black hole (SMBH).
rBH(kpc) rO(kpc) rDMH(kpc)
0.6 keV 0.021 58.0 105.4
0.5 keV 0.025 28.0 232.2
galactic outflow. Thus, this property is inconsistent with the
aforementioned results in which the widely spread hot gas
distribution and the deficiency of the gas mass imply the
existence of galactic outflow (Li et al. 2011). We applied our
model to this galaxy to resolve this discrepancy.
For the application of our model to the Sombrero
galaxy, the mass distribution of this galaxy was determined
by observations (see Appendix A). The SMBH in the
Sombrero galaxy is believed to be inactive (Heckman 1980).
Thus, the SMBH influences only to gravitational potential.
The observed averaged gas temperature is approximately
0.6 keV up to 25 kpc (Li et al. 2011).
By using the fitted DMH mass distribution and the
SMBH mass, we showed the resultant transonic solutions
in Figs. 4a and 4b. The type of transonic solution is
B-1 (Fig. 2). The deduced loci of the critical points of
the Sombrero galaxy are shown in Table. 2. Next, we
fitted these transonic solutions to the observed gas density
distribution within 25 kpc for the two different temperatures
of the gas (0.6 keV and 0.5 keV). In Figs. 4a and 4b, the
O-point moves inward and X-points move outward when the
temperature decreases. This behaviour is the same as that
in the analytical results described in Section 2.3.
We considered the two accelerated transonic solutions
of Xout and Xin as the galactic outflows for fitting the gas
density distribution. These accelerated transonic solutions
are shown as thick curves in Figs. 4a and 4b. By using
the results of the fitting, the gas density distributions were
determined, as shown in Figs. 4c and 4d. In Fig. 4d, we show
that the Xout solution in our model can roughly reproduce
the observed gas density distribution. For 0.6 keV, the outer
transonic point is too far in comparison with the observable
region (< 25 kpc); thus, we were unable to determine the gas
density of the Xout solution at this temperature. By adding
the stellar mass distribution, we can fit the gas density of the
Xout solution even at 0.6 keV, and the observed gas density
distribution can be reproduced at the same temperature, as
will be discussed in Section 4.3.1. The resultant gas density
distribution of the type Xin solution does not match the
observed data and should thus be rejected (Fig. 4c). This
result also holds true for the case with lower temperature
(Fig. 4d).
As defined in Section 2.3, the locus of the X-point of
type Xout is 105.4 kpc for 0.6 keV and 232.2 kpc for 0.5
keV. Thus, the subsonic region is very wide in comparison
to the observable region (< 25 kpc). It should be noted
that the gas density distribution in the subsonic region
of the type Xout solution is quite similar to that of the
hydrostatic solution. In addition, the low velocity in the
subsonic region was difficult to detect (Fig. 4d). Thus, even
if observing a physical quantity such as gas density ρ or
velocity v, we cannot distinguish the type Xout solution from
the hydrostatic solution. We can conclude that there is no
contradiction between the hydrostatic-like gas density distri-
bution and the widespread hot gas indicating the existence
of a galactic outflow (Li et al. 2011). Thus, we can resolve
the problem stated in Section 1. Our results provide a new
perspective of galactic outflow in that slowly accelerating
galactic wind may exist even in quiescent galaxies with
inactive star formation such as the Sombrero galaxy.
4 DISCUSSION
4.1 Availability of assumptions in our model
We have assumed that the outflow is spherically symmetric,
isothermal and steady without mass injection along the flow
lines. In this section, we discuss the availability of these
assumptions.
Mass injection plays roles of mass and energy transport
into the flow from stellar winds and supernovae and acts
as an effective braking force similar to viscosity. However,
because this injection occurs only in the stellar distribution
region, we can neglect it in the widely spread acceleration
region of the flow if the transonic point forms outside of
the stellar distribution region. In the Sombrero galaxy, the
estimated outer transonic point (r = 127 kpc) is far enough
from the stellar distribution region (6 rh = 2.53 kpc). Thus,
the effect of mass injection is negligible for the Sombrero
galaxy in type Xout solution.
In X-ray observations, some elliptical galaxies were
observed in an isothermal state (Fukuzawa et al. 2006;
Diehl & Statler 2008). Type Ia supernovae were discussed
as heat sources in these studies because their feedback has
a long time scale compared with that of type II supernovae.
AGN feedback is also considered as a heat source, and
thermal conduction is considered as a factor for averaging
temperature. Diehl & Statler (2008) suggested that sufficient
thermal conductivity can explain observed temperature
structures of elliptical galaxies. In our model, the Xout
solution can be accelerated by thermal conduction from the
stellar distribution region. Thus, our main result that the
transonic point forms at a distant region may also hold true
in polytropic treatment with thermal conduction.
Spherically symmetric approximation is valid for stellar
components when bulge/disk mass ratio is large enough
because a bulge is spherically symmetric unlike a disk. In
the Sombreo galaxy, the bulge/disk ratio is ∼ 6 (Kent 1988);
thus, for the gravitational potential, spherically symmetric
approximation is relevant for stellar components.
Several studies have predicted the non-spherical distri-
bution for DMH. For example, Jing & Suto (2002) suggested
that a triaxial density model can effectively reproduce
the results of N-body simulations and observed DMH
density distribution of dwarf spheroidals. Although this
non-spherical model is still argued by other reseachers, they
have not reached the same conclusions as those reached by
Jing & Suto (2000, 2002). The DMH distributions of dwarf
spheroidals predicted by observation indicate widespread
ellipticity of 0.3 − 0.7 (Hayashi & Chiba 2012). However,
we focused on the concentration of DMH that influences
the nature of outflows; the asymmetry property is not
considered in this study. Thus, we used the spherically
symmetric model for DMH with the variable concentration
parameter in our model.
c© 201x RAS, MNRAS 000, 1–13
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Figure 4. Mach number and gas density distribution in the gravitational potential of the dark matter halo (DMH) and super massive
black hole (SMBH). We use parameters of the Sombrero galaxy: α = 1, rd = 36.1 kpc, log10 M25/M⊙ = 11.95 and MBH = 10
9 M⊙.
(a) Mach number radial profiles of 0.6 keV. Bold solid lines represent transonic solutions. (b) Mach number radial profiles for 0.5 keV.
(c) Radial density profile for 0.6 keV. Dotted curves represent the hydrostatic state. Dashed curves represent the transonic outflow that
passes through the inner X-point. (d) Radial density profile for 0.5 keV. The solid curve represents the transonic outflow that passes
through the outer X-point.
4.2 Parameters in actual galaxies
4.2.1 KDMH & KBH
The values of KDMH, proportional to DMH mass (Eq. (7)),
and KBH, proportional to SMBH mass (Eq. (8)), should
be in a plausible range for actual galaxies. Therefore, we
estimate the realistic range of these parameters in this
section.
First, we estimated the values as follows. The virial
temperature Tv is defined by the relation
c2s =
kBTv
µmHη
=
G(MDMH(rv) +MBH)
rvη
≈
GMDMH(rv)
rvη
, (11)
where kB is the Boltzmann constant, mH is the hydrogen
mass, µ is the mean molecular weight, rv is the virial radius,
MDMH(rv) is the virial mass of DMH (Eq. (12)) and η is
the factor for the correction of temperature Tv. In actual
galaxies, η is believed to be variable at approximately unity
(Fukuzawa et al. 2006; Diehl & Statler 2008). Indeed, the
virial temperature of the Sombrero galaxy (with η = 1) is
0.9 keV assuming the virial mass to be 1013 M⊙, whereas
the observed temperature is 0.6 keV inside 25 kpc (Li et
al. 2011). In this case, η is 1.5. At a radius larger than 25
kpc, the temperature becomes lower than 0.6 keV (Li et al.
2011), and η becomes larger.
Next, MDMH(rv) is derived as
MDMH(rv) = 4pi
∫ rv
0
r2ρDMH(r;α, rd, ρd)dr
= 4piρdr
3
d
∫ c
0
x2−α(x+ 1)α−3dx (12)
from Eq. (5), where c is the concentration parameter defined
as c = rv/rd. Several previous studies of N-body simulations
(Navarro et al. 1996; Bullock et al. 2001) concluded the
empirical relation between concentration and virial mass of
DMH as
c = κ
(
MDMH(rv)
1012 M⊙
)ξ
, (13)
where κ and ξ are the different parameters for each
study : (κ, ξ) = (12.8,−0.13) (Bullock et al. 2001),
(9.35,−0.094) (Maccio` et al. 2008), (9.60,−0.075) (Klypin
et al. 2011) and (9.7,−0.074) (Prada et al. 2012). It
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is difficult to observationally determine these parameters;
therefore, we adopted the values from Prada et al. (2012)
because their simulation has highest mass resolution.
Furthermore, MBH is estimated by using the empirical
relation between MBH and MDMH(rv) as(
MBH
108 M⊙
)
= µ
(
MDMH(rv)
1012 M⊙
)ν
, (14)
with (µ, ν) = (0.11, 1.27) calibrated by Baes et al. (2003)
(see also Ferrarese 2002). We have adopted the value of Baes
et al. (2003) because they used more observational samples
than others.
Finally, we derive KDMH and KBH as simple functions
of the empirical parameters η, c, α, ν and ξ by the help of
Eqs. (11)-(14) as
KDMH = η
c
2
(∫ c
0
x2−α(x+ 1)α−3dx
)−1
, (15)
KBH =
ηµc
2× 104
(
c
κ
) ν−1
ξ
. (16)
We show the actual range of KDMH and KBH in Figs. 2 and
3. We determined that the parameters of actual galaxies
are in the hatched region of these figures. The four long
curves extending horizontally in Figs. 2 and 3 represent
the difference in DMH mass. The three curves intersecting
these four curves in Figs. 2 and 3 represent the difference in
temperature. We determined that the plausible range of the
parameters includes the three types, A-1, B-1 and B-2. This
result indicates that the locus of galactic outflow is complex
such as type B in actual galaxies.
4.2.2 Ratio of mass fluxes in two types of transonic
solutions
The mass fluxes of the outflows are important to the
evolution of galaxies and the release of heavy elements to
intergalactic space. In this section, we estimate the mass
fluxes indicated by our model. If there are two transonic so-
lutions, the mass fluxes are different between two solutions.
The mass fluxes M˙ defined in Eq. (1) are determined by
KDMH, KBH and ρ(x0) as
M˙ = 4piv(x0)ρ(x0)r
2
dx
2
0, (17)
where v(x0) and ρ(x0) are the boundary conditions of
velocity and gas density distribution at an arbitrary distance
x0. Because v(x0) is determined by KDMH, KBH and x0,
the absolute value of mass flux can be taken arbitrarily in
proportion to ρ(x0). Thus, we focus on the ratio of the mass
fluxes of two transonic solutions with the assumption of the
gas distributions of these solutions. We adopt two methods
corresponding to this assumption below.
Method (1): We assume the gas density distributions are
hydrostatic-like in the subsonic region. The ratio σ of mass
fluxes reduces
σ =
M˙Xin
M˙Xout
(18)
=
ρHS(xXin)x
2
Xin
ρHS(xXout)x
2
Xout
(19)
= exp
{
1
4
(CXout − CXin)
}
, (20)
where xXin and xXout are the loci of the inner X-point and
the outer X-point, respectively. ρHS(xXin) and ρHS(xXout)
are the hydrostatic densities at xXin and xXout , respectively.
CXout and CXin are the integration constants of the outer
transonic solution Xout and the inner transonic solution Xin,
respectively. These integration constants were determined
by Eq. (9) withM = 1. Therefore, σ is determined by three
parameters: α, KDMH and KBH.
Method (2): We assume the gas mass in the virial radius
is the same in the two transonic solutions. The virial radius
(≈ 10rd) is deduced by N-body simulations (e.g. Navarro et
al. 1996). The gas mass Mgas in a galaxy is
Mgas
M⊙
= ζ
KDMH
KBH
= ζ
4piρdr
3
d
MBH
≈ ζ
MDMH
MBH
, (21)
where ζ is a correction factor. In the Sombrero galaxy,
Mgas ≈ 10
8 M⊙, MDMH ≈ 10
13M⊙ and MBH ≈ 10
9 M⊙.
Thus, ζ is 104 in this galaxy. We assume ζ = 104 in the
following discussion. In the Xout solution of B-1, the gas
density distribution of the subsonic region inside the X-point
is well described as the hydrostatic state (see Section 3).
Thus, we assume the flow of Xout solution starts from
O-point having the gas density estimated by the hydrostatic
state.
As shown by the color contours of log10 σ in Fig. 5, we
have determined that σ varies substantially with the three
parameters α,KDMH and KBH. This result holds true for
both methods and indicates that the mass flux is sensitive
to variation of these parameters. Because of this sensitivity
of mass fluxes, the influence of these galactic outflows is hard
to estimate, but essential for the evolution of galaxies and
the release of heavy elements from them.
4.3 Review of the Sombrero Galaxy
4.3.1 Influence of the stellar mass distribution in the
Sombrero galaxy
In Appendix A, we estimated the mass distribution of
DMH, and we considered DMH and SMBH as the gravity
sources in Section 3. However, the stellar component is also
an important factor as the gravity source in a galaxy. In
this section, we estimate the influence of the stellar mass
component.
We adopted the Hernquist model (Hernquist 1990) for
the stellar mass distribution,
ρH(r) =
MH
2pi
rh
r
1
(r + rh)2
, (22)
where rh is the scale length of the stellar distribution
and MH is the entire mass of the stellar component. This
empirical model effectively reproduces the de Vaucouleurs
law (de Vaucouleurs 1948).
The parameters of the Sombrero galaxy were deter-
mined from observation: rh = 2.53 kpc and MH =
1.5 × 1011 M⊙ (Bell et al. 2003; Bendo et al. 2006).
In Appendix A, we estimated the parameters of DMH
by fitting to the velocity dispersions of globular clusters
(Bridges et al. 2007) with the χ2 test. Therefore, we adopted
(α, rd, log10 M25/M⊙) = (1.0, 36.1 kpc, 11.95). We show the
gravitational potentials of DMH, stars and SMBH in Fig. 6.
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Figure 5. Ratio of mass fluxes in two types of transonic solutions. Colour represents the ratio of mass fluxes log10 σ defined in Eq. (24).
The vertical axis is log10 KBH, and the horizontal axis is KDMH. (1-a): α = 0.0 with Method 1; (2-a): that with Method 2; (1-b): α = 1.0
with Method 1; (2-b): that with Method 2; (1-c): α = 1.5 with Method 1; (2-c): that with Method 2.
Because the stellar component is concentrated in the bulge
region in approximately rh ≈ 2.5 kpc, the influence of stellar
gravity is important in that region.
We show the resultant transonic solutions in Figs. 7
(a) and (b) by using revised mass distribution including
the DMH mass, SMBH mass and stellar mass. The type
of the transonic solution is B-1 (Fig. 2). The revised loci
of the critical points of the Sombrero galaxy are shown in
Table 3. The gravitational potential of the stellar component
influences the inner region (6rh ≈ 2.5 kpc), whereas that
of DMH is dominant at the far region (>rd ≈ 36 kpc).
Thus, the locus of the outer X-point (≈200 kpc) does not
dramatically change in comparison with the case without
the stellar component (Tables 2 and 3) because the locus
of the outer X-point is determined mainly by the gravity of
DMH. Similarly, the locus of that inner X-point (≈0.02 kpc)
also does not change in comparison with the case without
the stellar component because the gravitational potential of
SMBH is dominant in the vicinity of the centre (60.05 kpc).
However, the existence of the stellar mass modifies the
gravitational potential and moves the O-point inward. Thus,
the region covered by the subsonic region of the Xout solution
is extended inward. We can determine the Xout solutions to
the larger number of observed data points (<25 kpc; Li et
al. 2011). A comparison of Figs. 4 and 7 reveals that our
model with stellar mass distribution can more effectively
reproduce the observed gas density distribution than the
model without stellar mass distribution.
The mass flux of the Xout solution is 8.77 M⊙yr
−1 for
0.6 keV and 1.84 M⊙yr
−1 for 0.5 keV, whereas that of the
Xin solution is 17.0 M⊙yr
−1 for 0.6 keV and 14.6 M⊙yr
−1
for 0.5 keV. These values are much larger than the estimated
mass injection of approximately 0.3 M⊙yr
−1 from the stellar
component in the Sombrero galaxy (Athey et al. 2002;
Knapp et al. 1992). This discrepancy implies several new
aspects for outflows. For example, if the opening angle of the
outflow is smaller than pi (i.e., collimated bipolar outflow),
the mass flux is smaller than that of the spherical outflow.
Indeed, the outflow that has been observed as a bipolar-like
structure vertical to the disk (Li et al. 2011). If outflows
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Figure 6. Gravitational potential of the dark matter halo
(DMH), super massive black hole (SMBH) and stars. We use
parameters of the Sombrero galaxy: α = 1, rd = 36.1 kpc,
log10 M25/M⊙ = 11.95, rh = 2.53 kpc, MH = 1.5 × 10
11 M⊙
and MBH = 10
9 M⊙. The cyan line refers to DMH; the pink line,
SMBH; the blue line, stars; the green line, DMH and SMBH;
and the magenta line, DMH, SMBH and stars. The gravitational
potential of DMH is widespread; that of SMBH is dominant at
the central region; and that of stars is concentrated in the inside
region.
Table 3. The critical points with the gravitational potential of
DMH, SMBH and stars
rBH(kpc) rO(kpc) rDMH(kpc)
0.6keV 0.021 38.2 126.9
0.5keV 0.026 18.8 243.2
occur intermittently, it is not a problem that the mass flux
is larger than the supply. If an outflow is intermittent, there
are active periods for galactic outflows and inactive periods
for gas storage in galaxies. When the amount of gas reaches
a certain value, an outflow occurs.
4.3.2 Deduction of mass profile from outflow velocities
The results given in Section 4.2.1 show that the mass profile
strongly affects the acceleration process of outflows. Thus,
we can deduce the mass distribution from the velocity
distribution of galactic outflow if it can be observed. For
example, for type B-1 in Fig. 2, the flow of the Xin solution
is accelerated in the central region under SMBH gravity,
whereas the flow of the Xout solution is accelerated in the
distant region under DMH gravity. Thus, we can deduce
the mass of SMBH from observed velocity distribution for
the case of Xin solution, similarly we can deduce the mass
distribution of DMH from observed velocity distribution for
the case of Xout solution. In the current technology of X-ray
observation, it may be difficult to detect very slow outflow
(≃ 100 km s−1) of hot gas in detail, although future missions
such as ASTRO-H may enable us to detect it. Beyond the
traditional analysis based on the kinematics, our method
provides a new technique to estimate the mass distributions
of DMH and SMBH.
5 CONCLUSION
We have revealed possible transonic solutions in the gravita-
tional potential of DMH and SMBH by using an isothermal,
spherically symmetric and steady model. These solutions are
classified from the perspective of their topological features
in the phase diagram shown in Fig. 2. We conclude that
gravitational potential of SMBH adds a new branch of
transonic solution with the inner transonic point compared
with the transonic point generated by the gravity of DMH,
whereas the previous research Tsuchiya et al. (2013) con-
cluded that there is only one transonic solution in the
gravitational field of DMH. We have analysed the relation
between the properties of each gravity source generating
transonic solutions. We conclude that the inner transonic
point is generated by the gravity of SMBH, whereas the
outer transonic point is generated by the gravity of DMH.
The most interesting new feature of this study is the
suggestion of two different types of transonic solutions with
substantially different mass fluxes and starting points (Figs.
2 and 5). Thus, these solutions may have different influences
on the evolution of galaxies and the release of metals from
them. In addition, we have estimated the parameter ranges
of actual galaxies by using the results of previous studies. We
have determined that actual galaxies can have two transonic
points.
We have applied our model to the Sombrero galaxy
and have shown the possibility of galactic outflow in this
galaxy. The distribution of DMH is estimated from the
observation of globular cluster kinematics. The transonic
solution through the outer transonic point (∼ 126 kpc) has
a quite similar gas density profile as that of the hydrostatic
solution in the widespread subsonic region. Therefore, the
existence of the slowly accelerating outflow may support
the result of the previous work reporting the coexistence of
hydrostatic-like gas distribution and widespread hot gas (Li
et al. 2011). Because the Sombrero galaxy is not an active
star-forming galaxy, this possibility of slowly accelerating
outflow indicates that galactic outflow could exist for other
quiescent galaxies without active star formation. Although
the majority of theoretical researches of galactic outflows
have focused on the star-forming galaxies, our results pro-
vide new perspectives of galactic outflows that are applicable
to quiescent galaxies without active star formation. Indeed,
observational studies reported the possible outflows from
quiescent galaxies including M31 (Li & Wang 2007; Bogda´n
& Gilfanov 2008) and NGC4278 (Pellegrini et al. 2012;
Bogda´n et al. 2012). We will apply our model to these
objects in the series of our forthcoming studies.
We can estimate the mass distributions of DMH and
SMBH from the structure of outflow velocity distribution
by using our model. The transonic solution through the
outer transonic point suggests mass distribution of DMH,
whereas the transonic solution through the inner transonic
point suggests mass of SMBH. Thus, we can estimate the
mass distribution of a galaxy from the observation of outflow
velocity. Previous studies (e.g. Bridges et al. 2007) estimated
mass distribution by using stellar kinematics or orbital
motions of globular clusters. However, the method for the
mass distribution estimation presented in this study differs
from that in previous methods. Although the velocity of hot
gas is difficult to estimate through current X-ray observation
techniques, the next generation of X-ray observation will
be able to detect detailed structures of galactic hot gas
including velocity. We will attempt to estimate the mass
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Figure 7. Mach number and gas density distribution in the gravitational potential of the dark matter halo (DMH), super massive black
hole (SMBH) and stars. We use parameters of the Sombrero galaxy: α = 1, rd = 36.1 kpc, log10 M25/M⊙ = 11.95, rh = 2.53 kpc,
MH = 1.5× 10
11 M⊙ and MBH = 10
9 M⊙. The line definitions are the same as those in Fig. 4.
distribution from galactic outflow velocity with a more
realistic model in future work.
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APPENDIX A: MASS DISTRIBUTION OF
DMH IN THE SOMBRERO GALAXY
For the application of our model to the Sombrero galaxy, the
mass distribution of this galaxy must be determined. The
main components of mass distribution are DMH, SMBH and
stars. The SMBH mass of the Sombrero galaxy is estimated
as 109 M⊙ (Kormendy et al. 1996). This SMBH is believed
to be inactive (Heckman 1980).
We estimated the parameters of DMH by fitting to the
velocity dispersions of globular clusters (Bridges et al. 2007)
by using the χ2 test. Thus, we determined the values of the
three parameters (α, rd, ρd) in Eq. (5). In place of the scale
density ρd, we used the total mass M25 of DMH inside 25
kpc, which was determined as
M25 = 4pi
∫ 25 kpc
0 kpc
r2ρDMH(r;α, rd, ρd)dr (A1)
because the total mass is more easily comprehensible than
the scale density.
Because we fixed the DMH mass and the SMBH
mass as the sources of the gravitational potential in our
model, we deduced the stellar mass from the observed mass
distribution by using the observed stellar mass distribution,
as discussed in Section 4.3.1. Thus, we determined the
pure DMH mass distribution excluding the stellar mass and
SMBH mass.
Li et al. (2011) also calculated the mass distribution of
DMH by using the same observed data (Bridges et al. 2007),
although we estimated our data by a different method. First,
they used the NFW model. Thus, from the beginning, they
were not able to consider the concentration of DMH. On
the other hand, our model of DMH distribution in Eq. (5)
can reproduce the various mass distributions by varying α
(Section 2.1). Second, although the observed data represents
the cumulative mass distribution, the value decreases in the
far distance. Thus, we used the data inside the peak (≈25
kpc), whereas Li et al. (2011) used the data of the entire
region. Third, they neglected the mass of SMBH; we added
this gravitational potential of SMBH to our model.
Fig. A1 shows the χ2ν map as a function of (α, rd,M25).
χ2ν is reduced to a value less than unity in the wide region
from α = 0 to α ≈ 1.5, but increases rapidly in α > 2. The
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Figure A1. χ2ν map of fitting for (α, rd,M25). The vertical
axis shows log10(M25/M⊙) and the horizontal axes show α and
log10 rd(kpc). White dots indicate the adopted parameters in this
study.
minimum χ2 is in the vicinity of α = 1.0. In this paper,
we adopted (α, rd/kpc, log10 M25/M⊙) = (1.0, 36.1, 11.95),
and χ2ν = 0.06 in this case. This distribution is more widely
spread and more massive than that reported by Li et al.
(2011).
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